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Communicated January 20, 1944 If r be the latent period between infection and infectiousness and a-be the period of infectiousness, the equation which expresses Soper's formulation of the course of an epidemic is'
A -d-= rS[Au-S(t-r) + S(t-r-a)], (1) dt
where A is the rate at which new susceptibles are recruited to the population, S is the number of susceptibles at time t, and r is a rate of contact between the infectious and the susceptibles. The "law of mass action" is assumed, namely, that the rate at which the susceptibles are infected is proportional jointly to the number of susceptibles and the number of the infectious. If the right-hand member of (1) (4')
The rigorous derivation given above shows that he has effectively replaced on the left-hand side of the equation du du d2u 1 d3u 1 d4u dTT+ 1 dT T dT2 2 dT3 6 dT4 by the first term of its expansion and on the right-hand side has replaced eu(T) -U(T + 1) by 1 as though in this expression u(T) and u(T + 1) did not differ appreciably.
It is our purpose to examine, for the simple case where the epidemic is sufficiently short so that the number of recruits does not significantly affect its course, the integrals of d2U
e-an o du _du _ euT)
The integral of the first is readily found as u = 2 log sech /2T + log zo, z = zo sech2
T, (5) where zo is the rate of new cases' at the peak of the epidemic which is taken as the origin of time. With A = 0, z = -dx/dT and, if we integrate z, we have
The constant may be determined if we know the value of x when T = 0, i.e., at the peak of the epidemic. The fundamental relations between C or z and S or x lead, however, in case A = 0, to the equation4
It is readily seen that (6) and (6') are not equivalent no matter what value be assumed for the constant of integration. The discrepancy between (6) and (6') cannot be avoided as it is inherent in the approximate nature of the solution in (6) for (4'). If we use (6') we find that when T = 0, the value of x is cosh2 V\zo/2 and this value might be used for the constant in (6). On the other hand if we observe from (6') that for T = 1/2, x = 1, we should obtain the value of the constant in (6) 30, 1944 Soper takes to be the incubation period of measles). On the graph on growth paper7 the value of the constant B is 2.945 divided by the elapsed time in incubation periods from the 5% to the 95% points on the fitted straight line. The value of B is independent of the fraction of cases reported, provided only that the fraction does not change during the course of the epidemic, whether it be determined graphically or by moments; and as, in the approximate solution, B = z the observed value of B gives a determination of zo in so far as the theory is valid. For a number of epidemics of measles we find (Fig. 1) Cumulative graphs on growth paper of epidemics of measles in Vancouver, B. C., 1931 -1932 Berkeley, Calif., 1938 -1939 Providence, R. I., 1934 Providence, R. I., -1935 and Oakland, Calif., 1933-1934. The exact equation for the epidemic curve with A = 0, viz. du du
dTjT1
TTT gives the difference of the slopes a unit time apart. If it be considered that the values u0 and a = du/dTat any time T be known, the value of u at T + 1 upon the tangent to the curve will be uo + a; the tangent to the curve at T + 1 is, however, aand if we had proceeded from T to T + 1 upon a line of this slope we should have reached a value uo + ae"'. If we assume that a better value than either of these is their mean,9
we have for the new value A different method of attack is to proceed directly to modify the equation d2u/dT2 = -eu, which is the first approximation, over into one which is a better representation of (8). We (13) where zo is the case rate at the peak of the epidemic and T is measured from that time, the + sign is used for T > 0 and the -sign for T < 0. Equation (12) may be solved by an iterative process"4 as log-= 2 IsaT-_-ls aT -a ls (aT -etc.)]}, (14) zo 3~~~~3 where ls stands for log sech and a for 3/V\1 + 18/zo. The values of z, when the initial conditions are zo = 0.3 at maximum when T = 0, for the four approximations (5), (9), (10) and (14) are tabulated for some values of T (table 1) . It is seen that the approximations (9), (10), (14) are very much alike and that they give an asymmetrical curve which differs considerably from the symmetrical curve (5). The skewness of the curve is negative, the rise to the peak being slower than the fall from it. For the particular data tabulated this skewness, as measured by the ratio of the third moment to the cube of the standard deviation, is about -0.30. The formula (13) or (14) represents the epidemic curve that follows from Soper's theory to a much higher degree of approximation than (5) return to the population of susceptibles unless allowance therefor is made in the rate of recruits A. The "law of mass action" is C = rIS with I = J C(t)dt. The rate A is taken as constant.
2 We keep o/2 in the expression T + a/2 because it is possible that o be small enough so that the higher derivatives in (2) may be neglected and yet large enough to make r + a/2 a somewhat more accurate "incubation period" or period between generations of the infected than T.
'The rate of new cases z(T) = C(T)/m is the rate at which susceptibles become infected, not the rate at which persons become clinical cases, which is presumably more nearly equivalent to z(T + 1). 4 For, when a issmallI C(t)dt -aC(t --o/2) = C(T -1) and C = rIS becomes C = raSC(T -1) which on division by m with ram = 1 leads to z(T) = xz(T -1).
' It should be remarked that Soper's main interest was in periodicity, which on the present theory requires that the rate of recruits A should not be zero, and which brings in additional difficulties; we have no desire to minimize Soper's accomplishments in his paper.
When using moments it is particularly desirable that the epidemics rise from 0 and drop to 0 in a clear-cut fashion because irregularities at the ends may have a considerable effect on the moments; effects due to irregular beginning and ending can be more readily disregarded when using the graphical method.
7Wilson, E. B., these PROCEEDINGS, 11, 451-456 (1925 -dp T J°(-AP)[ell + 4 log (1 -P) + 2p
1I Various other equations may be obtained by similar methods of approximation but this one seems to be the one which gives the least inconvenient integrals.
14 The convergence of this iterative formula is fairly rapid; if one knows in advance 1 an approximate value for -log (S/So) at time T and takes this value as ls (aT -etc.), 2 the convergence will be more rapid than if one starts with etc." as zero and computes ls aT as the first step.
ERRA TA In Proc. Nat. Acad. Sci., 28, 374-377 (1942) , the following corrections are needed:
In (1.1) sh(x) should be sh(wx).
In (1.3) the factor 1/2 should be (1/2i). In (3.3) a factor m7r cosec (m7r) should be inserted on the right. On account of the last correction the orthogonal relation for En(x) can be found. It is 
